We derive the zero-temperature phase diagram of spin glass models with a generic fraction of ferromagnetic interactions on the Bethe lattice. We use the cavity method at the level of one-step replica symmetry breaking (1RSB) and we find three phases: a replica-symmetric (RS) ferromagnetic one, a magnetized spin glass one (the so-called mixed phase), and an unmagnetized spin glass one. We are able to give analytic expressions for the critical point where the RS phase becomes unstable with respect to 1RSB solutions: we also clarify the mechanism inducing such a phase transition. Finally we compare our analytical results with the outcomes of a numerical algorithm especially designed for finding ground states in an efficient way, stressing weak points in the use of such numerical tools for discovering RSB effects. Some of the analytical results are given for generic connectivity.
Introduction
Spin glasses are among the most complex models in statistical mechanics that can be treated analytically. Even at the mean field level their solution is highly non-trivial [1] . Moreover when the distribution of the disorder (the distribution of the couplings J ij in the present case) is not symmetric enough, e.g. it has a large positive mean E J [J ij ] > 0, the model solution becomes still more complex: Ferromagnetism and spin glass order may coexist in the so-called mixed phase.
The presence of a mixed phase witnesses a very complex energy landscape, with non-trivial thermodynamical properties. Indeed mean-field spin glasses are expected to have a mixed phase, while scaling theories, like the droplet model [2], do not seem to leave any space for such a phase.
Recently the authors of reference [3] studied numerically ground states of the Edwards-Anderson model with an excess of ferromagnetic couplings in 3d and they found no clear evidence for the existence of a mixed phase. Alternative explanations of their results, compatible with the existence of a mixed phase, are the following: (i) the size of the mixed phase in the 3d EA model may be very tiny; (ii) finite size corrections may be huge and the thermodynamical limit approached very slowly; (iii) consequences of the replica symmetry breaking may be hard to detect in the presence of a strong bias (the global magnetization); (iv) given a large number of quasi-ground-states (with similar energies, but different magnetizations) the numerical algorithm used in reference [3] may have some small bias to find more easily ground states with small magnetization.
In order to shed some more light on the above possible sources of error we believe it is very useful to perform a detailed study of the mixed phase in models where such a study can be done at an analytical level, i.e. models with long-range interactions. From the analytical solution one can extract information on e.g. the size of the mixed phase and the presence of low-energy states with different magnetizations. Moreover, finding ground states with the same algorithm of reference [3] and comparing numerical outcomes with the analytical solution, one can study finite size effects and possible sources of bias in the algorithm.
The complexity of the analytical solution to spin glass models with long-range interactions depends on the interaction topology. Those models where each spin interacts with all the rest of the system (fully-connected topology) can be solved in a compact way thanks to the Parisi ansatz (see e.g. the recent work by Crisanti and Rizzo [4] ). On the contrary, the complete solution to those models where each spin interacts only with a finite number of neighbours (Bethe lattice topology) is much more complicated [5] : even the simplest solution with only one step of replica symmetry breaking (1RSB) involves a functional 100 The European Physical Journal B distribution of distributions as the order parameter. Luckily enough such a complex solution can be simplified in some cases: e.g. at zero temperature [6] , and when sites are equivalent (factorized solution) [7] or when only zeroenergy configurations are taken into account [8, 9] .
Spin glasses on the Bethe lattice has been extensively studied in the second half of the eighties [10] [11] [12] [13] [14] . Unfortunately at that times it was not completely clear how to break the replica symmetry in a way which allow for an analytical treatment: a standard replica calculation for spin glass models on the Bethe lattice would involve an infinite number of overlaps! Until few years ago only replica symmetric (RS) and variational solutions were known for spin glasses on Bethe lattices.
The same definition of "mixed phase" is not clear at the RS level, since it can not be distinguished from a nonhomogeneous ferromagnet. Indeed at the RS level only two macroscopic parameters give the full description of the system: the magnetization m = i m i /N and the overlap q = i m So at the RS level the presence of a mixed phase can only be deduced from the fact that on the RS-to-RSB instability line the magnetization is non-zero, assuming that it does not drop to zero in the RSB phase. The only direct way of observing a mixed phase is to look for RSB solutions with q > m 2 > 0: in this case a non-homogeneous ferromagnetic phase corresponds to RS solutions, while a mixed phase to RSB solutions.
In this work we will concentrate on spin glass models with a generic fraction of ferromagnetic interactions defined on Bethe lattices with fixed connectivity. In order to simplify the calculations we will perform a zerotemperature analysis of the ferromagnetic/spin-glass transition at the level of replica symmetric (RS) and one-step replica symmetry breaking (1RSB) solutions.
To our knowledge, the best description of the zerotemperature phase diagram of this model is the one given by Kwon and Thouless [13] . They used a variational RS approach where the local fields may take any real value. However, in a model having discrete energy levels a realvalued local field is unphysical. Moreover, given that our main aim is the study of the mixed phase in spin glasses, the use of a RSB ansatz is strictly required.
Thanks to the reformulation by Mézard and Parisi [5] of the cavity method for finite connectivity models, we are able to derive the correct phase diagram of spin glasses with ferromagnetically biased coupling on the Bethe lattice and to investigate the mixed phase directly with a 1RSB ansatz.
The main questions we would like to answer are the following. Can we locate exactly the boundaries of the mixed phase? How does the size of mixed phase change with the model connectivity? How wide or tiny do we expect to be the mixed phase in the 3d EA model (if any)? What is the physical mechanism inducing the RS to RSB transition? How "strong" are the measurable effects of RBS in the mixed phase? From the numerical point of view, how large are the finite size effects in locating the phase transitions? Is there any bias in the ground states found by the numerical optimization procedure?
The work is organized as follows. In Section 2 we recall model definition and we write cavity self-consistency equations to be solved in Section 3 for Bethe lattices with fixed connectivity 3. There we also compare numerical data to the analytic solution. In Section 4 we present some result valid for generic connectivity. Finally in Section 5 the answers to questions in the previous paragraph are discussed.
The model and its solution with the cavity method at zero temperature
We consider a 2-spin interacting spin glass model on a Bethe lattice with fixed connectivity c = k + 1. The Hamiltonian of the problem is
where σ i = ±1 are Ising variables. The couplings J ij are quenched random variables extracted from the following probability distribution:
The parameter ρ ∈ [0, 1] is thus 1 for the ferromagnet and 0 for the unbiased spin glass. We analyze the problem with the cavity method at zero temperature [5, 6] . The cavity method is based on the analysis of the messages u passed between sites and cavity fields h acting on each site. Following the standard procedure one can write self-consistency equations for the distributions of us and hs, that give (if the process converges in the thermodynamic limit) the solution of the model. The basic hypothesis of the above method is the absence of strong correlations between two randomly chosen spins: This is true for Bethe lattice topologies where the typical loop size is of order log(N ), which diverges in the thermodynamic limit N → ∞.
In this work we use the cavity method at two levels of approximation. The first level corresponds to considering the system with a single thermodynamic pure state, and it is formally equivalent to the Replica Symmetric (RS) approach of the replica method. The second level corresponds to assuming the existence of many equivalent states, which is equivalent to apply the replica method with a one step Replica Symmetry Breaking (1RSB) approximation.
